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Abstract
We study the theory that contains two spin-2 fields. This theory can be regarded
as a simplified version of higher spin gravity in AdS3. It can be formulated either in
the first order formulation or in the second order formulation. From the first order
formulation we construct the black holes in the theory and study the thermodynam-
ics of these black holes with the help of dual holographic OPE. From the higher
spin point of view, this black hole is most naturally regarded as a black hole with
a spin-2 hair. In the second order formulation, we obtain an action for the metric
and extra spin-2 fields and analyze the corresponding black holes. Even though for
some simple cases, the conventional notions, such as the horizon, may help us to
read part of the information of the black hole, they break down in generic cases.
On the other hand, the action in the second order formulation could be rewritten
in the form of a decoupled AdS3 bi-gravity. Moreover, the entropy of the black hole
with the spin-2 hair could be reproduced from the AdS3 bi-gravity in the Euclidean
path-integral formalism.
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1 Introduction
The most remarkable feature of gravity is that it couples to all forms of matter univer-
sally. For the scalar, spin-1 gauge field, and antisymmetric tensor field1, their minimal
couplings with gravity are well-defined and the gauge transformations of these fields (if
they have such) do not mix with the diffeomorphism. Therefore the conventional no-
tions of spacetime remain the same as the ones in pure gravity. As a result, the action
describing the gravity and its interaction with other fields is easily written in a second
order formulation. In these cases, the first order formulation is possible, but the physical
meaning is actually more straightforward in the second order formulation.
However, the situation differs completely in the so-called higher spin gravity theory.
At the tree level, the free higher spin theory with a spin larger than two could be
defined in any background[1, 2] in the second order formulation, as reviewed in [3]. Once
the interaction is considered, the theory becomes complicated and messy in the second
order formulation. For the most important case, the candidate theory is the so-called
Vasiliev theory[4], which is best developed in the first order formulation. There are a few
remarkable properties on the Vasiliev’s higher spin gravity. First of all, the theory is only
well-defined in the spacetime background with a non-vanishing cosmological constant.
Secondly, the theories in the spacetime larger than three involve an infinite number of
higher spin, and moreover are only defined by the on-shell equations of motion without
off-shell actions. In the simplest case, say, the minimal bosonic Vasiliev AdS4 gravity,
it still contains all even spins s = 0, 2, 4, · · · ,∞. Of course, in three dimensions, the
theory can have a finite truncation[5] by using the Chern-Simons formulation along the
lines of [6, 7]. In a recent investigation[8], a theory containing only spin-2 and spin-
6 has also been constructed, suggesting that the higher spin gravity could be defined
with respect to every Lie algebra. The last but the most important property from the
gravity point of view is that higher spin gauge transformation is always mixed with the
diffeomorphism and hence changes the notions of spacetime geometry in general relativity
(GR) dramatically. So it is quite amazing that one can still analyze the asymptotic
symmetry [9, 5], construct the black holes with higher spin hair[10, 11] and discuss their
thermodynamics in the AdS3 higher spin theory.
The original work on the spin-3 black hole[10] was actually guided by the dual CFT
description and relied heavily on the Chern-Simons(first order) formulation. It showed
explicitly that the conventional notions of GR, like the horizons and the singularity, are
gauge dependent and make little sense. Nevertheless, the thermodynamics of a higher
spin black hole is still well-defined by working with gauge invariant quantities. As in the
first order formulation the physical Fronsdal fields do not appear explicitly, it is better
to have a second order formulation to understand the whole physics. There have been
several attempts on this issue[12, 13], but it is still far from accomplished. In particular,
in [12] the metric-like formulation of a spin-3 field minimally coupled to gravity has been
constructed perturbatively and the higher spin corrections to the black hole entropy have
been computed using Wald’s formula.
1Fermions can also be introduced, however, we focus on the bosonic theory here.
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Higher spin gauge theory is often regarded as a theory halfway between gravity and
string theory, and it has received much attention in the context of AdS/CFT. One of
the most important proposals is the HS/O(N) duality conjectured in [14] and nicely
reviewed in [15]. Hence one can pose the question whether there is a theory which is
halfway between the Einstein gravity and the higher spin gravity. From the Einstein
gravity point of view, the next theory we need to consider is actually the one of a spin-2
field coupling to gravity by simply increasing the spin from 0, 1 to 2. From the higher
spin gauge theory, the theory we need to consider is also the one of a spin-2 field coupling
to gravity by simply decreasing the higher spin to 2. Here is a “critical” point where the
usual Einstein gravity meets the higher spin gravity. We expect that such kind of theory
inherits many properties from both sides and hence provides a better understanding of
both the Einstein gravity and the higher spin gravity. This turns out to be the case. The
theory we construct is a spin-2 field coupled to the AdS3 gravity. It can be regarded as an
extension of the Maxwell theory coupling to gravity. However, we will find that the spin-
2 matter field has its own gauge transformation and such kind of gauge transformation
mixes with the diffeomorphism. This is a feature that all higher spin gauge theories
share. Namely, it changes the notions of spacetime geometry, but not so dramatically
as in the higher spin gauge theory, hence it is still under control in the sense that the
number of the matter field is finite. More interestingly, the theory can be constructed
both in the first order formalism and the second order formalism. Furthermore, we can
identify the black holes in the theory and study their thermodynamics in two different
formulations. This may shed light on the study of thermodynamics of the higher spin
black holes.
Though our work is motivated from the study of the higher spin gravity and holog-
raphy, the final theory we construct is closely related to the so-called bi-gravity or
multi-gravity2[16]. However, in the field of bi-gravity, the attention has been focused
on searching for ghost free theories after introducing interaction between different gravi-
tons. According to a no-go theorem3in [19], the interaction between different gravitons
must induce mass terms to some gravitons, hence in a theory with multiple massless
gravitons the gravitons are decoupled with each other. This kind of theory has been
ignored in the field of bi-gravity. On some aspects, we revisit this problem and find that
this decoupled theory could be related to the simplest example of higher spin gravity
with a spin-2 matter field and a massless graviton. We can identify the black holes
in the bi-gravity theory and study their thermodynamics from their holographic duals.
As far as we know, these kinds of non-perturbative objects have never been fully un-
derstood in bi-gravity. One lesson from our study is that in such decoupled bi-gravity
theory, the two massless gravitons seem to live in their own world, and have their own
non-perturbative excitations. As a result the entropy of the black hole with spin-2 hair
in the original theory could be reproduced successfully from the sum of the entropies of
2For a recent generalization, see[17, 18].
3This no-go theorem could be evaded in the context of higher spin gravity, as the Vasiliev theory itself
allows for a supersymmetric or Chan-Paton factor[20] generalization which includes multiple massless
gravitons. These generalizations are important for the recent proposed duality given in [21].
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BTZ black holes in bi-gravity, with each BTZ black hole as the solution of independent
AdS3 gravity.
The structure of the paper is as follows. In section 2, we introduce our theory in the
first order formalism, including its action, symmetry and spectrum. We construct the
black holes in this theory and fully explore their thermodynamic properties. In section
3, we go to the second order formalism, and discuss the properties using the conventional
methods. In particular we show how to reproduce the entropy of the black hole from
bi-gravity point of view. In section 4, we give the dual picture of our theory. We close
the paper with some discussions and the conclusion.
2 First Order Formulation
In this section, we discuss our model in the first order formulation and show its relation
with the higher spin gravity with the gauge group SO(2, 2). We construct the black hole
solution with an extra spin-2 hair and study its thermodynamics.
2.1 Action and spectrum
Let us consider the following action
I =
k
4π
∫
tr′(AdA +
2
3
A3 + 2AA′A′ +A′dA′)− bar term. (1)
This action is invariant under the gauge transformations
δA = dǫ+ [A, ǫ] + [A′, ǫ′],
δA′ = dǫ′ + [A, ǫ′] + [A′, ǫ] (2)
up to boundary terms. Here k is the Chern-Simons level and A,A′ takes value in suitable
Lie algebra. Note that when A′ = 0, the system reduces to the familiar higher spin
gravity in AdS3. To relate the theory to gravity, we need to identify the level k and the
Newton constant G by the following relation4
k =
l
4G
(3)
where l is the AdS radius. We also introduce the vielbein and the spin connection
through
A = ω +
e
l
,
A¯ = ω − e
l
,
A′ = ω′ +
e′
l
,
A¯′ = ω′ − e
′
l
. (4)
4Our convention of the trace operation is as follows, a simple tr means the trace of the matrix, the
tr′ in the action is chosen to preserve the relation between k and G.
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To analyze the spectrum in this theory, we consider the equations of motion and expand
them around the vacuum. The equations of motion turn out to be
dA+A ∧A+A′ ∧A′ = 0,
dA′ +A ∧A′ +A′ ∧A = 0. (5)
We choose the gauge algebra to be sl(2, R) for A, A¯,A′, A¯′. Obviously, we can take the
vacuum to be AdS3
5
A′AdS = 0,
A¯′AdS = 0,
AAdS = (e
ρJ1 +
1
4
e−ρJ−1)dx
+ + J0dρ, (6)
A¯AdS = −(eρJ−1 + 1
4
e−ρJ1)dx
− − J0dρ,
where we have introduced the sl(2, R) generators J−1, J0, J1 to be
J1 =
(
0 0
−1 0
)
, J0 =
1
2
(
1 0
0 −1
)
, J−1 =
(
0 1
0 0
)
. (7)
Expanding the equations of motion to linearized order, we find
da+A ∧ a+ a ∧A = 0,
da′ +A ∧ a′ + a′ ∧A = 0,
da¯+ A¯ ∧ a¯+ a¯ ∧ A¯ = 0, (8)
da¯′ + A¯ ∧ a¯′ + a¯′ ∧ A¯ = 0
where we still denote the background as A, A¯ for simplicity. The a, a¯, a′, a¯′ denote the
fluctuations of A, A¯,A′, A¯′ respectively. Note that the equations (8) have been analyzed
in [22], where it has been shown that the spectrum only depends on the commutation
relations of the generators. In the case at hand, the spectrum just consists of two
massless spin-2 fluctuations. For the general case, if A, A¯,A′, A¯′ takes value in sl(n,R),
the spectrum would consist of two copies of massless spin s = 2, 3, · · · , n. Moreover, as
the recent work [8] suggested, we can take other gauge groups such as Sp(2n,R), SO(2n+
1, R) and G2, the spectrum would change accordingly.
2.2 Black holes
It is not a priori evident that the theory we defined above can have consistent black
hole solutions. In this subsection, we show that we can indeed construct the black holes
along the work of [10, 11] on the higher spin black holes. Still, for simplicity, we choose
the gauge group to be SL(2, R).
5From now on, we set the AdS radius l to be 1.
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The first step is to rewrite the action to be
I =
k
8π
∫
tr′[(A+A′)d(A+A′)+
2
3
(A+A′)3+(A−A′)d(A−A′)+ 2
3
(A−A′)3]−bar term.
(9)
This is nothing but two copies of conventional higher spin gravity. More compactly, with
a B(and B¯ correspondingly) of the form
B =
(
A+A′ 0
0 A−A′
)
, (10)
the action can be rewritten as6
I = SCS[B]− SCS [B¯]. (11)
The equations of motion become
dB +B ∧B = 0, dB¯ + B¯ ∧ B¯ = 0. (12)
The gauge transformations are now
δB = dλ+ [B,λ], δB¯ = dλ¯+ [B¯, λ¯] (13)
where the gauge parameters λ, λ¯ are related to the original gauge parameters ǫ, ǫ¯ by
λ =
(
ǫ+ ǫ′ 0
0 ǫ− ǫ′
)
, λ¯ =
(
ǫ¯+ ǫ¯′ 0
0 ǫ¯− ǫ¯′
)
. (14)
The theory is just a higher spin gravity based on the gauge group SL(2, R)×SL(2, R) ≃
SO(2, 2). Based on the arguments in [8], this gauge algebra is D2 and hence has rank
2, and the corresponding higher spin gravity describes another spin-2 field interacting
with the gravity.
We can construct the black hole with an extra spin-2 hair in this theory and analyzed
its thermodynamics explicitly with the help of dual CFT. At first, we need to introduce
the generators of D2. Let us introduce six generators L−1, L0, L1, V−1, V0, V1 as
Li =
(
Ji 0
0 Ji
)
, Vi =
(
Ji 0
0 −Ji
)
, (15)
which have the following commutation relations
[Li, Lj ] = (i− j)Li+j , [Li, Vj ] = (i− j)Vi+j , [Vi, Vj ] = (i− j)Li+j , (16)
with i = −1, 0, 1. Obviously the generators Li form an sl(2, R) subalgebra and corre-
spond to the graviton, while the Vi’s correspond to the extra spin-2 field.
6It seems that there is a factor 1
2
in the action, however, we can always absorb it into the definition
of the trace.
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The black hole solution can be constructed directly by solving the flatness equations.
To have a spin-2 hair, we make the following ansatz:
B = (eρL1 − 2π
k
LL−1e−ρ − 2π
k
L′e−ρV−1)dx+
+q(−2π
k
L′L−1e−ρ + eρV1 − 2π
k
Le−ρV−1)dx− + L0dρ, (17)
B¯ = −(eρL−1 − 2π
k
L¯L1e−ρ − 2π
k
L¯′e−ρV1)dx−
−q¯(−2π
k
L¯′L1e−ρ + eρV−1 − 2π
k
L¯e−ρV1)dx+ − L0dρ.
As we will show, this solution can be interpreted as a black hole. In it, the parameter L
should be interpreted as the charge of the graviton, encoding the information of the mass
and the angular momentum, and L′ should be interpreted as the other spin-2 charge.
The parameter q should be interpreted as the chemical potential corresponding to the
spin-2 charge L′. The interpretation of the parameters with a bar is similar. To see this,
we first turn off the chemical potentials q and q¯, and read the physical meaning of L and
L′ from the asymptotic symmetry analysis[5]. We can make a gauge transformation to
set the field B to be
B = e−L0ρ(b+ d)eL0ρ (18)
where
b = (L1 − 2π
k
L(x+)L−1 − 2π
k
L′(x+)V−1)dx+, (19)
and we allow L and L′ to be the functions of x+. An arbitrary gauge parameter λ can
be parameterized as
λ = λ1L1 + λ0L0 + λ−1L−1 + ξ1V1 + ξ0V0 + ξ−1V−1. (20)
The gauge transformation that preserves the asymptotically AdS3 boundary condition
can be solved to be
λ0 = −∂λ, λ−1 = 1
2
∂2λ− 2π
k
Lλ− 2π
k
L′ξ,
ξ0 = −∂ξ, ξ−1 = 1
2
∂2ξ − 2π
k
Lξ − 2π
k
L′λ, (21)
where ∂ means ∂+ and we still denote λ = λ1, ξ = ξ1 without causing confusion. Under
the gauge transformation, L and L′ transform as
− δL = k
4π
∂3λ− ∂Lλ− 2L∂λ− 2L′∂ξ − ∂L′ξ,
−δL′ = −∂L′λ− 2L′∂λ− ∂Lξ − 2L∂ξ + k
4π
∂3ξ. (22)
7
If we identify the stress tensor T = −2πL and the spin-2 charge T˜ = −2πL′, then the
above transformations can be changed to the following OPE
T (z)T (0) ∼ c/2
z4
+
2T
z2
+
∂T
z
,
T (z)T˜ (0) ∼ 2T˜
z2
+
∂T˜
z
,
T˜ (z)T˜ (0) ∼ c/2
z4
+
2T
z2
+
∂T
z
. (23)
The first OPE is just the conventional Virasoro algebra with central charge c = 6k, the
second OPE tells us that the T˜ is a primary operator with the conformal weight (2,0).
This is the reason why we should identify T as the boundary stress tensor and T˜ as the
spin-2 current. Actually, an arbitrary (nonzero) rescaling of T˜ still gives us the primary
operator with the conformal weight (2,0).
To understand the parameters q and q¯ as the chemical potentials corresponding to
L′ and L¯′ , we need to analyze the Ward identity. By adding an operator exp
∫
µ′L′ to
the boundary CFT, we should change the ansatz on b
b = (L1 − 2π
k
LL−1 − 2π
k
L′V−1)dx+ + (qV1 + q0V0 + q−1V−1 + νL−1)dx−, (24)
where we allow L,L′, q, q0, q−1, ν to be the functions of x+ and x−. Then by solving the
flatness equations we find that
∂−L = q∂+L′ + 2∂+qL′,
∂−L′ = 2∂+qL+ q∂+L − k
4π
∂3+q. (25)
We take the values of L,L′ as the expectation values when an operator exp
∫
µ′L′ is
inserted into the boundary CFT, namely
L =< L >µ′ , L′ =< L′ >µ′ (26)
where the subscript µ′ means that for arbitrary operator O,
< O >µ′=< Oexp
∫
µ′L′ > . (27)
By choosing O to be L,L′ and calculating7 ∂− < L >µ′ , ∂− < L′ >µ′ and comparing the
result with (25), we find that we should identify
q = −µ′, L = − T
2π
. (28)
The first identity shows us the physical meaning of q: it is the chemical potential conju-
gate to the spin-2 charge L′. The second identity is consistent with the OPE result found
before. This completes our discussion on the parameters appearing in the solution.
7Here ∂− means ∂z¯, and the rule from Lorentz signature to Euclidean signature is x
+
→ z, x− → −z¯.
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The next problem is to study the thermodynamics of the black hole, which has a
metric and a spin-2 hair. From now on we rescale 2pi
k
L → L, 2pi
k
L′ → L′ to simplify no-
tation. The bar terms are also rescaled by the same factor. We can define the quantities
τ, τ¯ , α, α¯ by
τ =
i
2πk
∂S
∂L , α =
i
2πk
∂S
∂L′ , τ¯ = −
i
2πk
∂S
∂L¯ , α¯ = −
i
2πk
∂S
∂L¯′ , (29)
where S is the entropy of the black hole and is a function of L,L′, L¯, L¯′. The α, α¯ are
the potentials conjugate to L′, L¯′ which appear in the partition function
Z = Tr exp(i2πk(τL + αL′ − τ¯ L¯ − α¯L¯′)), (30)
and are related to the chemical potentials µ′ and µ¯′ by τ¯µ′ = α, τ µ¯′ = α¯. The holonomy
is ω = 2π(τb+ − τ¯ b−). As in the study of other higher spin black holes, we require that
the black hole have the same holonomy as the BTZ black hole. For the BTZ black hole,
the holonomy now is ±iπ,±iπ. Since the gauge group is rank 2, we need to solve two
independent holonomy equations. We choose the following two equations
P2 = trω
2 = −4π2, P4 = trω4 = 4π4. (31)
We require the solution to have a BTZ limit when the spin-2 charge vanishes. Considering
the dimensions of L,L′, we assume the general form of the entropy to be
S = 2πk
√
Lf(y) (32)
with y = L
′
L
being dimensionless. Taking all these into account, we find that the holon-
omy constraints become the following two differential equations
1 = f(y)2 − 4(−1 + y2)f(y)′2
2 = (1 + y)2(f(y)− 2(−1 + y)f(y)′)4 + (−1 + y)2(f(y)− 2(1 + y)f(y)′)4 (33)
These two equations plus the boundary condition f(0) = 1 can be satisfied by the
solution
f(y) = cos
1
2
arcsin y (34)
where −1 ≤ y ≤ 1. Hence the black hole has a consistent first law of thermodynamics
with the entropy as
S = 2πk
√
L cos(1
2
arcsin y). (35)
Taking the bar term into account, we find that the entropy could be written into a more
suggestive form
S = πk(
√
L+ L′ +
√
L− L′ +
√
L¯+ L¯′ +
√
L¯ − L¯′). (36)
The extreme cases correspond to y = ±1, namely L′ = ±L and L¯′ = ±L¯. It is
interesting to see that the spin-2 charge could be negative, but its sign does not affect
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the entropy as the function f(y) is an even function of y. This fact can also be seen
from the entropy formula (36). This is very different from the black hole with spin-4
or spin-6 hair, where the entropy functions are sensitive to the sign of the higher spin
charges[8]. If the spin-2 charge is zero, we simply have a BTZ black hole, which could
be described by a boundary CFT with central charge 6k and at the levels kL, kL¯. If the
spin-2 charge is nonvanishing, the black hole entropy gets contributions from the spin-2
fields.
Some relevant quantities can be computed as
τ =
i
4
(
1√L+ L′ +
1√L− L′ ), α =
i
4
(
1√L+ L′ −
1√L− L′ ), (37)
τ¯ = − i
4
(
1√
L¯+ L¯′ +
1√
L¯ − L¯′ ), α¯ = −
i
4
(
1√
L¯+ L¯′ −
1√
L¯ − L¯′ ). (38)
The partition function turns out to be
lnZ =
πk
2
(
√
L+ L′ +
√
L− L′ +
√
L¯+ L¯′ +
√
L¯ − L¯′). (39)
For the following discussion, we also give the value of q
q =
√
(L¯+ L¯′)(L¯ − L¯′)
(L+ L′)(L − L′) (
√L− L′ −√L+ L′√
L¯ − L¯′ +
√
L¯+ L¯′ ). (40)
3 Second Order Formulation
In this section, we give an alternative derivation of the previous results in the second
order formulation.
3.1 Action and spectrum
The action (1) can be written as (9)
S =
k
8π
∫
tr′[(A+A′)d(A+A′)+
2
3
(A+A′)3+(A−A′)d(A−A′)+ 2
3
(A−A′)3]−bar term
Hence, we can define two tensor fields as
g(1)µν = 2tr(eµ + e
′
µ)(eν + e
′
ν), g
(2)
µν = 2tr(eµ − e′µ)(eν − e′ν). (41)
Since the Chern-Simons action
I =
k
4π
∫
tr′(CdC +
2
3
C3)− bar term (42)
can be written in the second order formulation as
I =
1
16πG
∫
d3x
√−g(R+ 2) (43)
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with the metric gµν = 2tr(CµCν), we find that the action (9) can be rewritten in the
second order formulation as
I =
1
32πG
∫
d3x
√
−g(1)(R(1) + 2) + 1
32πG
∫
d3x
√
−g(2)(R(2) + 2) (44)
where g(i) is the determinant of the field g
(i)
µν and R(i) is the Ricci scalar defined with
respect to the field g
(i)
µν . Note that the coefficient in front of the integral is half of the
conventional Einstein gravity. This is inherited from the action (9).
It is remarkable that the action (44) is in accord with the no-go theorem in [19], which
states that multiple massless gravitons should decouple with each other, if we take g
(1)
µν
and g
(2)
µν as the gravitons. In the original proof in [19] the discussion was focused on
the fluctuations around a flat spacetime, while now the spacetime carries a negative
cosmological constant.
In our case, we have a well-defined theory, suggested from the first order formulation
of the higher spin gravity theory. We have an interpretation to the action (44). From
the discussion in the last section, we identify A to generate the spacetime gµν and A
′ to
generate the other spin-2 field hµν . More explicitly, we have
gµν = 2tr(eµeν + e
′
µe
′
ν), hµν = 2tr(eµe
′
ν + eνe
′
µ), (45)
which are related to g
(i)
µν by
g(1)µν = gµν + hµν , g
(2)
µν = gµν − hµν . (46)
For us the action (44) actually describes an AdS3 graviton field gµν coupling with a
spin-2 matter field hµν . Note that even though the action (44) is of an elegant form in
terms of g
(i)
µν , it is really messy when written in terms of gµν and hµν .
To give a consistency check of the action (44), we will show the following three points.
Firstly, the action (44) has the same symmetry as before. Secondly, the action leads to
the same spectrum as before, namely, a massless spin-2 graviton, and a massless spin-2
as matter. Lastly, we will show that the equations of motion induced from action (44)
can be satisfied by the previous black hole solution.
Let us first consider the symmetry of the theory. A naive consideration suggests
that the action (44) is only invariant under general coordinate transformations and
hence there are some mismatches between this symmetry and the symmetry in the first
order analysis (2), which indicates that each g
(i)
µν should have its own diffeomorphism.
However, a detailed consideration will show that the action (44) has a larger symmetry,
in match with the first order result. The point is that two parts in (44) indeed transform
separately. To see this, let us consider the transformation
δξg
(1)
µν = ∇(1)(µ ξν). (47)
Since R(1) is constructed from g(1), we have
R(1)ρσµν = ∂µΓ
(1)ρ
σν − ∂νΓ(1)ρσµ + Γ(1)ρµλΓ(1)λσν − Γ(1)ρνλΓ(1)λσµ (48)
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R(1)σν = R
(1)µ
σµν , R
(1) = g(1)σνR(1)σν (49)
and hence
δξR
(1) = ξµ∇(1)µ R(1), (50)
then we find that
δξ
∫
d3x
√
−g(1)(R(1) + 2) =
∫
d3x
√
−g(1)∇(1)µ ((R(1) + 2)ξµ). (51)
It is not evident that the right-hand side is just a boundary integral. But it can be
shown that it is indeed a boundary term8 and hence the action is invariant under the
transformation (47). Note that this kind of transformation is independent of the second
part of the action and hence there is a second transformation on the second part of the
action as well. In all, the action (44) indeed has a larger symmetry than coordinate
transformation, in agreement with what the first order formalism tells us.
The next step is to identify the spectrum of the system. Since the spin-2 field hµν is
a matter field, it is suitable to let it vanish in the vacuum solution. Thus, the action (44)
becomes the Einstein gravity with a negative cosmological constant in three dimensions.
Then, the vacuum can be chosen to be AdS3.
gµν = g
AdS
µν , hµν = 0 (52)
Let us expand the action around the vacuum to the second order to get the following
linearized action
S ∼ 1
32πG
∫ √−g(−1
2
∇λs(1)∇σs(1)λσ + 1
2
∇µs(1)µν∇λs(1)λν +
1
4
∇λs(1)∇λs(1)
−1
4
∇ρs(1)µν∇ρs(1)µν +
1
2
s(1)µν s
(1)µν +
1
2
(s(1))2 + (1→ 2)) +O(s3) (53)
where s(i) denotes the fluctuation of g(i). Note that we can use the gauge symmetry
discussed above to set the fluctuation to be transverse and traceless and then get the
linearized equations of motion of two massless spin-2 fields in the AdS3 vacuum
(✷+ 2)s(i)µν = 0. (54)
This demonstrates that the spectrum of the theory in (44) consists of two massless spin-
2 fields. Note that the gravitational fluctuation is s(1) + s(2) while the spin-2 matter
fluctuation is s(1) − s(2). It deserves a mention that the quadratic action (53) allows a
linearized gauge transformation δs
(i)
µν = ∇(µξ(i)ν) which is in accordance with the linearized
symmetry of the equations of motion (8).
The last point which we want to check is that the solution (17) we obtained actually
satisfies the equations of motion of the action (44). Let us first rewrite the solution (17)
8See Appendix for an illustration.
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in terms of A,A′, A¯, A¯′ as9
A+A′ = (eρJ1 − e−ρ(L + L′)J−1)dx+ + (qeρJ1 − q(L+ L′)e−ρJ−1)dx− + J0dρ
A−A′ = (eρJ1 − e−ρ(L − L′)J−1)dx+ + (−qeρJ1 + qe−ρ(L −L′)J−1)dx− + J0dρ
A¯+ A¯′ = −(eρJ−1 − e−ρ(L¯+ L¯′)J1)dx− − (q¯eρJ−1 − q¯(L¯+ L¯′)e−ρJ1)dx+ − J0dρ
A¯− A¯′ = −(eρJ−1 − e−ρ(L¯ − L¯′)J1)dx− − (−q¯eρJ−1 + q¯e−ρ(L¯ − L¯′)J1)dx+ − J0dρ
Then from the definition of g(i) we find
ds21 = (e
ρ − q¯(L¯ + L¯′)e−ρ)(e−ρ(L+ L′)− q¯eρ)(dx+)2
−(qeρ − e−ρ(L¯+ L¯′))(eρ − q(L+ L′)e−ρ)(dx−)2
+
{−(eρ − q¯(L¯+ L¯′)e−ρ)(eρ − q(L+ L′)e−ρ)
+(e−ρ(L+ L′)− q¯eρ)(qeρ − e−ρ(L¯+ L¯′))} dx+dx− + dρ2 (55)
ds22 = (e
ρ + q¯(L¯ − L¯′)e−ρ)(e−ρ(L − L′) + q¯eρ)(dx+)2
+(qeρ + e−ρ(L¯ − L¯′))(eρ + qe−ρ(L − L′))(dx−)2
+
{−(eρ + q¯(L¯ − L¯′)e−ρ)(eρ + qe−ρ(L − L′))
+(e−ρ(L − L′) + q¯eρ)(−qeρ − e−ρ(L¯ − L¯′))} dx+dx− + dρ2 (56)
The equations of motion from the action (44) are just
R(i)µν = −2g(i)µν , i = 1, 2. (57)
One can check that the solution (55,56) indeed satisfy the equation (57). To see more
clearly what kinds of solutions (55) and (56) are, it is convenient to redefine the coordi-
nates
ω = x+ + qx−, ω¯ = x− + q¯x+, ω′ = x+ − qx−, ω¯′ = x− − q¯x+ (58)
then the solutions (55) and (56) can be recast into
ds21 = dρ
2 + (L+ L′)dω2 + (L¯+ L¯′)dω¯2 − (e2ρ + (L + L′)(L¯ + L¯′)e−2ρ)dωdω¯, (59)
ds22 = dρ
2 + (L − L′)dω′2 + (L¯ − L¯′)dω¯′2 − (e2ρ + (L − L′)(L¯ − L¯′)e−2ρ)dω′dω¯′.
(60)
These are exactly the BTZ black holes, the solutions of the AdS3 gravities (57). Note that
the above coordinate transformations are allowed as we have separated diffeomorphism
on g
(1)
µν and g
(2)
µν . As we have discussed before, especially from the first order formalism,
the suitable interpretation of this solution is that it is a black hole with a nonzero spin-2
9Be careful about the rescaling of L,L′, L¯, L¯′.
13
charge. The metric and the spin-2 field are related to the above solutions by
ds2 =
1
2
(ds21 + ds
2
2)
= dρ2 + (L+ q¯2L¯ − q¯(LL¯′ + L′L¯)e−2ρ)(dx+)2
+(L¯+ q2L − q(LL¯′ + L′L¯)e−2ρ)(dx−)2 (61)
+(−(1 + qq¯)(e2ρ + (LL¯+ L′L¯′)e−2ρ) + 2qL′ + 2q¯L¯′)dx+dx−
ds′2 =
1
2
(ds21 − ds22)
= (L′ + q¯2L¯′ − q¯(e2ρ + (LL¯+ L′L¯′)e−2ρ))(dx+)2
+(L¯′ + q2L′ − q(e2ρ + (LL¯+ L′L¯′)e−2ρ))(dx−)2 (62)
+(2qL+ 2q¯L¯ − (1 + qq¯)(LL¯′ + L′L¯)e−2ρ)dx+dx−
The immediate question is how to analyze this configuration in the second order formal-
ism. This will be the content of the next subsection.
3.2 Black holes
In the previous subsection, we have shown that the action (44) is well defined and it
describes a system of a spin-2 field coupling to the gravity. Though effectively, this
theory can be described as two decoupled fields g(1) and g(2), only their combination
1
2(g
(1) + g(2)) can be rightly interpreted as a spacetime metric. Therefore, the system
describes a complicated interaction between the graviton gµν and the spin-2 field hµν .
From the lower spin point of view, it can be regarded as the extension of the theory that
describes a scalar or a Maxwell field coupling to gravity. However, for the theory with
a scalar or Maxwell field coupled to gravity, the gauge transformation of the lower spin
is independent of the diffeomorphism. But for the theory we consider, the spin-2 gauge
transformation mixes with the diffeomorphism. So from this point of view, our theory
should be considered as the simplest theory of the higher spin gravity.
Usually the interacting higher spin theory is best developed in the first order formal-
ism, while the possible second order formalism is quite involved. Our theory presents
the first example of a “high” spin gravity with a well-defined second order formulation.
It would be interesting to discuss the black hole physics from the point of view of the
metric and the spin-2 fields, even though the conventional notions of spacetime could be
modified.
The solutions (55,56) or equivalently (61,62) involve six parameters and hence are
not easy to deal with. To simplify the problem, we first consider the nonrotating case,
which corresponds to 10
L = L¯, L′ = −L¯′, q = −q¯, (63)
10Here nonrotating just means gtφ = 0. There are other cases that can also lead to gtφ = 0, but we
ignore those cases.
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which reduces the number of the parameters to three. Now the solutions become
ds21 = (e
ρ + q(L − L′)e−ρ)(qeρ + (L+ L′)e−ρ)(dx+)2
−(qeρ − (L − L′)e−ρ)(eρ − q(L+ L′)e−ρ)(dx−)2
+
{−(eρ + q(L − L′)e−ρ)(eρ − q(L+ L′)e−ρ)
+(qeρ + (L + L′)e−ρ)(qeρ − (L − L′)e−ρ)} dx+dx− + dρ2, (64)
ds22 = (e
ρ − q(L+ L′)e−ρ)(e−ρ(L − L′)− qeρ)(dx+)2
+(qeρ + (L + L′)e−ρ)(eρ + q(L − L′)e−ρ)(dx−)2
+
{−(eρ + q(L − L′)e−ρ)(eρ − q(L+ L′)e−ρ)
+(qeρ + (L + L′)e−ρ)(qeρ − (L − L′)e−ρ)} dx+dx− + dρ2. (65)
Going to the physical fields gµν and hµν , we find
ds2 = dρ2 + (1 + q2)L[(dx+)2 + (dx−)2]
+[−(1− q2)(e2ρ + (L+ L′)(L −L′)e−2ρ) + 4qL′]dx+dx−, (66)
ds′2 = q(e2ρ + (L + L′)(L − L′)e−2ρ)[(dx+)2 − (dx−)2]. (67)
This configuration is like a RN black hole, but now the charge is from a spin-2 gauge
field rather than the spin-1 gauge field.
It is not a priori evident that we can determine all the physical quantities from
the metric and the spin-2 field as in conventional Einstein gravity due to the mixing of
diffeomorphism and the spin-2 gauge transformation. However, we can try to do this
and to see whether we can get the same result as the one in the first order formulation.
The first quantity we need to know is the temperature. Let us first use x± = t± φ
to find the nonzero component of the metric
gtt = 2(q
2 + 1)L+ [−(1− q2)(e2ρ + (L+ L′)(L − L′)e−2ρ) + 4qL′], (68)
gφφ = 2(q
2 + 1)L − [−(1− q2)(e2ρ + (L+ L′)(L − L′)e−2ρ) + 4qL′], (69)
gρρ = 1 (70)
and the nonzero spin-2 field is
htφ = hφt = 2q(e
2ρ + (L+ L′)(L − L′)e−2ρ). (71)
We denote the horizon at ρ = ρ+. In the conventional way to determine the temperature,
we require
gtt(ρ+) = 0, ∂ρgtt(ρ+) = 0, (72)
which determine the horizon ρ+ and the parameter q in terms of L and L′
e2ρ+ =
√
(L+ L′)(L − L′), (73)
q =
√L− L′ −√L+ L′√L− L′ +√L+ L′ . (74)
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Note that the relation (74) shows that q is not an independent parameter, as we have
known from first order formulation. More interestingly, it is exactly the one (74) found
in the first order formulation in the non-rotating case. This motivates us to go further
to determine the temperature T = 1
β
. We define r = ρ − ρ+ and expand the metric
around the horizon and go to the Euclidean time t→ itE , then we find
ds2 ∼ dr2 − 1
2
∂2ρgtt(ρ+)r
2dt2E + gφφ(ρ+)dφ
2 (75)
The regularity at the horizon gives us the temperature
β = 2π
√
2
−∂2ρgtt(ρ+)
=
π
2
(
1√L+ L′ +
1√L− L′ ), (76)
which is consistent with the result in the first order formulation by using
β = −i2πτ = −i2π2π
k
i
4π2
∂S
∂L =
π
2
(
1√L+ L′ +
1√L− L′ ). (77)
The next question is whether we can determine the entropy from the horizon area.
The horizon area and hence the corresponding entropy S′ is
S′ =
Area
4G
=
1
4G
∫ 2pi
0
dφ
√
gφφ(ρ+) =
8πkL√L+ L′ +√L− L′ . (78)
On the other hand the entropy in the non-rotating case from the first order formulation
gives us
S = 2πk(
√
L+ L′ +
√
L− L′). (79)
The two entropies are in match only when L′ = 0 and for general L′, we always have
S < S′. (80)
When L′ = 0, the chemical potential q and the spin-2 field vanishes, then the configura-
tion becomes a pure black hole.
As the conventional notions of general relativity become impotent due to the mixing
of the diffeomorphism with the spin-2 gauge transformations, we may try some other
ways to explore the thermodynamics of the black hole. We would like to use the Eu-
clidean path integral which was developed in [23] to study this issue. The partition
function is of the form
Z ∼
∫
[Dgµν ][Dhµν ] exp(IE). (81)
Formally we need to do a path integral over gµν and hµν . Due to the involved form of the
action in terms of gµν and hµν , this seems to be very difficult. Fortunately, here we are
only interested in the tree-level contribution so we just need to consider the saddle point
approximation. By evaluating the Euclidean action and subtracting the counterterm
coming from the AdS3 vacuum, we can give the partition function Z as
Z ∼ exp(IrE) (82)
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where IrE is the infinite volume limit of the regularized action
I(R) = [− 1
8πG
∫ β
0
dtE
∫ 2pi
0
∫ R
ρ+
(
√
g(1)+
√
g(2))dρ]−[− 1
8πG
∫ βr
0
dtE
∫ 2pi
0
∫ R
−∞
(2
√
gAdS)dρ]
(83)
where we have introduced a cutoff R and a regularization term coming from thermal AdS3
spacetime. Note that in principle there is a surface term [24, 25] to make the theory have
a well-defined variation. This surface term is important in the asymptotic flat space[25]
and contributes the whole path integral classically for the Schwarzschild black hole. This
surface term is not important in AdS3 as it has no contribution classically. However, in
(83) there is another tricky point. In the integral we have introduced an upper bound βr
in the integral over tE. This bound can be determined by the requirement that the line
element at the surface ρ = R should be the same for the configuration and the vacuum.
If we used an “averaged” metric 12(
√
g(1) +
√
g(2)) to compute the line element, we
require that
β(
√
g(1) +
√
g(2))|ρ=R = βr(2√gAdS)|ρ=R, (84)
then we find that βr = β(1+O(e−4R)). Such an “averaged” metric is expected to encode
the information of both the spacetime and the spin-2 field. In the above treatment, the
underlying guideline we follow is that the spacetime is intact. Actually there is another
choice on the bound βr. As the spacetime background is now of metric gµν , it seems
natural to use
β
√
g|ρ=R = βr(√gAdS)|ρ=R. (85)
This gives us once again βr = β(1 + O(e−4R)). Therefore the two choices make no
difference on this point.
Taking all the facts above into account, doing the integral (83) and taking the large
R limit, we then obtain
IrE =
4πkL√L+ L′ +√L− L′ , (86)
and the corresponding partition function
lnZ ′ = IrE =
4πkL√L+ L′ +√L− L′ . (87)
On the other hand, from the first order formulation we have the partition function
lnZ = πk(
√
L+ L′ +
√
L− L′). (88)
The two partition functions are only in match when L′ = 0 which means zero spin-2
charge. In that case, the theory becomes pure gravity and the results from the two
formulations could be the same. For arbitrary other L′, the two partition functions are
different
lnZ < lnZ ′. (89)
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Note that the discrepancy is quite similar to the discrepancy on the entropies in (80).
These two kinds of discrepancies imply that the naively using conventional concepts and
techniques in the Einstein gravity may lead to a wrong result. This is actually what
we expected, since there is no simple geometrical interpretation now. In retrospect, this
geometric guideline is reasonable but not justified. In particular, when we consider more
general solutions, the geometric picture may break down. For example, the spacetime
metric (61) generically has no horizon in original coordinates. One needs to take some
gauge transformations to make a horizon, similar to the spin-3 black hole. In these
general cases, the above geometric treatment is problematic.
The problem comes from the fact that if we interpret the theory as a spin 2 matter
hµν coupling to gµν , then there is no simple geometric picture. However, an alert reader
may notice that the action (44) is actually the one that appeared in the decoupled bi-
gravity[16]. The theory with multiple massless gravitons has been ignored partially due
to the fact that the two metric fields are independent of each other. However, we revisit
this theory below.
Through the field redefinition (46) the partition function could be cast into the form
Z ∼
∫
[Dg(1)µν ][Dg(2)µν ] exp(I)
=
∫
[Dg(1)µν ] exp(I(1))
∫
[Dg(2)µν ] exp(I(2)). (90)
where we have used the fact that the two fields g
(i)
µν are completely decoupled and the
action could be decomposed into two parts with
I(i) =
1
32πG
∫
d3x
√
−g(i)(R(i) + 2), i = 1, 2. (91)
Now the partition function is just the product of the partition functions of two decoupled
systems
Z = Z(1) × Z(2) (92)
with
Z(i) =
∫
[Dg(i)µν ] exp(I(i)). (93)
As the transformation (46) is completely linear, we do not worry that it may bring trou-
bles. There is great advantage to working with the partition function (92) as it reduces to
the usual one in Euclidean quantum gravity, with the standard gauge transformations on
the metric fields g
(i)
µν . There seem to be two parallel worlds, each with its own metric and
diffeomorphism. Hence, we expect that the geometric notions can be used in each world.
That is to say, the observer in each world will use his/her own metric to talk about what
he/she sees. There is no guarantee that they will use the same coordinates t, φ as we used
before. Let us consider the solutions (55) and (56). The physical meaning of these two
solutions is more transparent in the forms (59) and (60), which show that they are actu-
ally BTZ black holes. More explicitly, the observer in the first world establishes his/her
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own coordinate and he/she finds the first BTZ black hole while the second observer finds
another BTZ black hole. However, we should be more careful about this point. If we use
Lorentz signature naively, namely, set ω = t′ + φ′, ω¯ = t′ − φ′, ω′ = t′′ + φ′′, ω¯′ = t′′ − φ′′
and use (58), we will find a puzzle
t′ = t+
1
2
(q + q¯)t+
1
2
(q¯ − q)φ, φ′ = φ− 1
2
(q + q¯)φ+
1
2
(q − q¯)t, (94)
t′′ = t− 1
2
(q + q¯)t+
1
2
(q − q¯)φ, φ′′ = φ+ 1
2
(q + q¯)φ+
1
2
(q¯ − q)t. (95)
It seems that we cannot take φ′, φ′′ as angular variables since they contain t which is
noncompact. Actually this just shows that t, φ are ill defined in each world. An observer
in the first world never cares about the relation between ω, ω¯ and t, φ, he/she defines
his/her own coordinates t′, φ′ from ω, ω¯. The same goes for the observer in the second
world. That is to say, going to the Euclidean signature x+ → z, x− → −z¯, we have
ω → z1 = z − qz¯, ω¯ → −z¯1 = −z¯ + q¯z,
ω′ → z2 = z + qz¯, ω¯′ → −z¯2 = −z¯ − q¯z (96)
Using the relation of q, q¯ and the chemical potential µ′, µ¯′ which can be determined by
τ, τ¯ , α, α¯, we find the identification
z1 ∼ z1+2π(τ +α), z¯1 ∼ z¯1+2π(τ¯ + α¯), z2 ∼ z2+2π(τ −α), z¯2 ∼ z¯2+2π(τ¯ − α¯) (97)
With these identifications, the form of the black hole solution given in (59,60) are exactly
the Euclidean BTZ black holes. These solutions are non-singular when z1, z¯1 are related
to an angle φ′ and Euclidean time t′E while z2, z¯2 are related to another angle φ
′′ and
Euclidean time t′′E with the identification
φ′ ∼ φ′ + 2π, t′E ∼ t′E + β(1), (98)
φ′′ ∼ φ′′ + 2π, t′′E ∼ t′′E + β(2) (99)
where β(1), β(2) are determined by
β(1) = −iπ[(τ + α)− (τ¯ + α¯)], β(2) = −iπ[(τ − α)− (τ¯ − α¯)] (100)
In the non-rotating case they are
β(1) = β(2) =
π
2
(
1√L+ L′ +
1√L− L′ ). (101)
Then we use the Euclidean path integral to evaluate
I(R) = − 1
8πG
[
∫ β(1)
0
dt′E
∫ 2pi
0
dφ′
∫ R
ρ+
√
g(1)dρ−
∫ β(1)r
0
dt′E
∫ 2pi
0
dφ′
∫ R
ρ+
√
gAdSdρ] + [1→ 2].
(102)
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This time β
(1)
r = β(1)(1 +O(e−4R)). Taking the large R limit we find
lnZ = I = lim
R→∞
I(R) = πk(
√
L+ L′ +
√
L− L′). (103)
We find that the total partition function is consistent with the one found in the first
order formulation.
There are several remarks in order:
1. Note that though the relation (102) looks similar to the relation (83) with the same
β, the metric has been modified, leading to a different result.
2. When working on the contributions from the g(1) and g(2) fields, we have to use
different sets of coordinates z1, z¯1 and z2, z¯2. This sounds strange but makes sense
if we take the metrics g(1) and g(2) as independent fields in doing path-integral.
Actually in this case, the choice of the coordinates is not important, as we are
integrated over the fields g
(i)
µν which have their own diffeomorphism.
3. Even though our discussion on the partition function was focused on the non-
rotating black hole, the generic case could be studied similarly. The partition
functions of g(1) and g(2) are just the ones of usual BTZ black holes. Thus their
sum reproduces exactly the partition function (39) in the first order formulation.
4. Physically, the picture is as follows. From the first order formulation, we found
the black hole solution (17) with spin-2 hair. This black hole has the entropy (36),
which is reminiscent of the entropies of two BTZ black holes. Note that in getting
the entropy (36), we have used the techniques in the high spin gravity, with the
help of dual holographic OPE. On the other hand, the solution (17) corresponds to
the BTZ black holes (55) and (56) in AdS3 bi-gravity. These two black holes come
from the excitations of two different metric fields, which are decoupled completely,
so it is safe to treat every black hole independently. The partition function of these
solutions in the bi-gravity theory is just the product of two independent partition
functions, and the entropies of the solutions are just the sum of the ones of two
independent BTZ black holes.
4 Dual description
In this section, we consider the problem of the dual description of our theory in the
second order formulation. In the first order formulation, the dual description has been
investigated in Section 2. The information we got is that there is a dual CFT with the
central charge 6k and the asymptotical symmetry given in (23). In this CFT, there is a
stress tensor T and an additional spin-2 charge T˜ , as has been shown from the symmetry
analysis with the result encoded in (23). However, this statement is quite unusual since
we have two spin-2 operators. A closer look at the result (23) suggests that we redefine
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two other spin-2 operators by T1 =
T +T˜
2 , T2 =
T −T˜
2 , then we find that
T1(z)T1(0) ∼ c/4
z4
+
2T1
z2
+
∂T1
z
,
T1(z)T2(0) ∼ regular, (104)
T2(z)T2(0) ∼ c/4
z4
+
2T2
z2
+
∂T2
z
.
From these OPE relations, we learn that there are two decoupled CFTs at the asymp-
totical boundary. These two CFTs have the same central charge 3k, and there is no
interaction between them. For the bar term, we have similar results.
It is illuminating to study the same question in the second order formulation. Let us
give a heuristic derivation following the reference [26], or the lecture given in [27]. In-
spired by the action (44), we define two kinds of spin-2 operators by explicitly considering
the surface term and doing subtraction as shown in [28, 29]
T (i)µν =
1
16πG
(Θ(i)µν −Θ(i)γ(i)µν − γ(i)µν ). (105)
The index i corresponds to the field g(i). The γ(i)’s are the boundary fields induced
by g(i). Θ
(i)
µν is the extrinsic curvature constructed by g(i) and Θ is its trace evaluated
by γ(i). The next step is to analyze the asymptotic symmetry. Note that the allowed
symmetry transformation has been identified in the previous subsection and asymptotic
symmetry analysis can be done conveniently in the coordinate (58). The discussion is
straightforward, as shown originally by Brown-Henneaux [30]. The result is that under
the symmetry transformation,
Tωω → Tωω + 2∂ωǫ(ω)Tωω + ǫ(ω)∂ωTωω − c
24π
∂3ωǫ(ω) (106)
with c = 34G = 3k due to the rescaling the the coefficients. We have omitted the index
i as it is true for both g
(i)
µν . There is a similar result for the right-moving sector. Note
that this is the correct Virasoro transformation of a spin-2 operator. Therefore we reach
a consistent picture with the first order formulation.
Even though the decoupled CFTs could be obtained by redefining the operators of
the original CFT, the interpretation is very different. For the so(2, 2) Chern-Simons
gravity, the dual CFT is of central charge 6k and has an extra spin-2 operator. From
the boundary CFT point of view, the black hole in this theory could be understood as
the excited CFT at the finite temperature (1/βL, 1/βR) and of the chemical potential
(µ′, µ¯′). On the other hand, from the point of view of AdS3 bi-gravity, there are two
independent BTZ black holes, each could be described by a CFT. The first CFT has a
left-moving sector with central charge 3k and at level k(L+L
′)
2 , and a right-moving sector
with central charge 3k and at level k(L¯+L¯
′)
2 . The second CFT has a left-moving sector
with central charge 3k and at level k(L−L
′)
2 , and a right-moving sector with central charge
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3k and at level k(L¯−L¯
′)
2 . Using the Cardy formula,
S = 2π
√
cL
6
, (107)
we find that the total entropy is
Sen = πk(
√
L+ L′ +
√
L− L′ +
√
L¯+ L¯′ +
√
L¯ − L¯′), (108)
exactly the same as the one (36) determined from the holonomy condition in the first
order formulation.
5 Conclusion and Discussion
In this paper, motivated by the higher spin gravity and holography, we investigated
a theory with two spin-2 fields. This theory can be constructed both in the first order
formulation and in the second order formulation. From the point of view of Chern-Simons
higher spin gravity, the theory can be regarded as a theory based on the gauge group
D2. We constructed the corresponding black holes and analyzed their thermodynamics
using the standard method in the higher spin gravity.
In the second order formulation, the action of our theory could be recast into the one
of an AdS3 bi-gravity with two decoupled massless gravitons, after field redefinition. The
black hole solutions found in the first order formulation could be conveniently interpreted
as two decoupled BTZ black holes in bi-gravity theory. The entropy and the asymptotical
symmetry support this picture. Our study actually sheds some light on the decoupled
bi-gravity theory. For this kind of theory, the equations of motion for different metric
fields are decoupled so there are various black hole solutions, which could be excitations
of different metric fields. In such a system, the entropy should be just the sum of two
black holes. Such a picture is most easily clear in the path integral formalism. On the
other hand, the successful reproduction of the entropy of the black hole with the spin-2
hair in the second order formulation strongly supports that the treatment of the higher
spin black hole thermodynamics in terms of gauge invariant quantities is robust.
From the point of view of AdS/CFT, our investigation is related to another interesting
problem. If we have a CFT1 at the boundary associated with a dual bulk description,
and we also have a second CFT2 at the boundary associated with another dual bulk
description, let us put the two CFTs at the same boundary together. Note that this
operation is well-defined. Then what is the dual bulk description? In the simplest case,
we assume that two CFTs are decoupled, then the boundary theory has two kinds of
stress tensors. From the general principle of AdS/CFT, there should be two kinds of
spin-2 fields in the bulk, leading to a decoupled bi-gravity theory. We expect that this
is a starting point to study more interesting case. One interesting case is when there is
some interaction between the CFTs; this may raise an interesting question about what
the possible gravity theory could be.
Our motivation to study this theory is partly based on the fact that it can be refor-
mulated in a second order formulation. The second order formulation of the higher spin
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gravity is important for us because the physical meanings of fields are more transpar-
ent. And we expect to see the notions of spacetime geometry change explicitly in the
second order formulation. Many aspects of higher spin gravity are indeed inherited in
our model if we interpret the theory as a spin-2 matter coupling to the gravity. For the
simplest case, we managed to rederive some results from the geometric notions. In the
non-rotating black hole case, we found that we could use the regular horizon condition
to determine the position of the horizon and read the value of the parameter q and the
black hole temperature. However for more generic cases, such treatments are useless,
just as the case of the higher spin black hole. Even for the simplest case, the area law
of the black hole horizon does not give the correct black hole entropy, suggesting that
the notion of horizon cannot be taken seriously. In principle, from the second order
formulation, it could be possible to read the global charges of the black holes, following
the traditional way.
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Appendix: About Stokes Theorem
The usual Stokes theorem states that∫
M
√
|g|dnx ∇µV µ =
∫
∂M
√
|γ|dn−1x nµV µ (109)
In our case, we need to show the the integral∫
M
√
−g(i)dnx ∇(i)µ V µ (110)
still gives a boundary integral. We can show it by the following two formulas
∇(i)µ V µ = ∂µV µ + Γ(i)µµλV λ (111)
Γ
(i)µ
µλ =
1√
−g(i)
∂λ
√
−g(i) (112)
Then the integral (110) becomes ∫
M
∂µ(
√
−g(i)V µ), (113)
a boundary term after integration.
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